It is known that in elastic disc-shaft systems in particular, the one-nodal-diameter mode of the discs can be highly coupled with the bending modes of the shaft. Consequently, when the system rotates, the elastic modes of the flexible discs are coupled with the gyroscopic modes of the flexible shaft equipped with rigid discs. In the paper this coupling effect is investigated numerically and experimentally.
INTRODUCTION
Traditionally, the analysis of the dynamic behavior of rotating disc-shaft systems is performed using two different approaches. The rotordynamic approach is focused on shaft behavior and assumes that the effect of wheel flexibility is negligible. On the other hand, the bladed-disc approach assumes that the shaft is rigid and analyses the behavior of the different wheels separately. These approaches are usually efficient and accurate enough. However, there is an increasing number of cases where coupling effects between bladed-disks and shafts cannot be ignored. Possible couplings have been pointed out in early studies by Dopkin and Shoup (1974) , Chivers and Nelson (1975) , Klompas (1978) , and are now better understood owing to the development of various analytical analyses: Palladino and Rossettos (1982) , Br6mand et al. (1986) , Crawley et al. (1983 Crawley et al. ( , 1986 , Loewy and This paper was originally presented at ISROMAC-7. Corresponding author.
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H. IRRETIER et al. Khader (1984) , Khader et al. (1990 Khader et al. ( , 1991 , Wu and Flowers (1992) . Particular features such as inertial coupling, mistuning influence and forced response behavior have been examined. Even recently, an analytical procedure has been developed by Chun and Lee (1996) in order to study the influence of rotation, blade stagger and blade pretwist on coupled behaviors.
These analytical approaches, while very useful, are based on simplified formulations and thus cannot be applied efficiently to real structures with complex geometries. On the contrary, direct and precise finite element modeling of the whole coupled system would be attractive, but cannot be performed due to the unrealistic computer resources needed. Consequently, intermediate modeling techniques have to be proposed and assessed.
A first type of intermediate model consists in
analysing the shaft with rigid disc and the bladed assemblies separately, and then solving the coupled problem after a modal reduction based on the calculated mode shapes (Zhang et al., 1994) . This model should give quite accurate results when the link between the shaft and the disc is rigid,, but it is believed to be too restrictive for general applications. Dealing with the whole coupled assembly, direct modeling is possible using an axisymmetrical description of the rotor (G6radin and Kill, 1984; Stephenson and Rouch, 1993 ). The resulting model should be effective in certain cases but it is penalised by the axisymmetrical hypothesis and by the modeling difficulties associated. Finally, it appears that the most interesting models are those based on the cyclic symmetrical properties of the structure (G6radin and Kill, 1986; Hohlrieder et al., 1994; 1997; Jacquet-Richardet et al., 1996) . However, these models remain heavy and, in this case, special procedures should be developed in order to maintain the computer requirements at an acceptable level. The formulation presented here is based on a global analysis of rotating assemblies modeled using a finite element technique. The undamped non-rotating system is first analysed using the wave propagation method associated with a component mode reduction. Then, the whole flexible system, submitted to centrifugal and gyroscopic effects, is analysed after a modal reduction.
In parallel to the analytical and numerical work dealing with rotating flexible bladed-disc-shaft assemblies, efforts are made to extend experimental modal analysis techniques on rotating structures (Irretier and Reuter, 1995; 1997) . Generally, this requires that the modal identification algorithms are based on time-variant systems, to account for anisotropic effects in the bladed-discs or shafts of the rotating assembly (Reuter, 1997; Irretier, 1998 (5) becomes a Hermitian system which is solved only once, for an operating speed. When dealing with bladed-disc-shaft assemblies, gyroscopic effects can no longer be neglected and the variations of frequencies with respect to the rotation speed are relatively large. Consequently, it becomes necessary to solve a different complex and non-Hermitian eigenvalue problem for each value of the rotation speed in the operating range. In this case, using only the traditional reductions (Craig and Bampton, 1968) leads to a lengthy procedure which is still not computationally efficient. In the following, we shall show that the analysis cost of bladed-disc-shaft assemblies can be considerably reduced, without appreciable loss of accuracy, provided the rotating mode shapes are written as a linear combination of the associated non-rotating mode shapes.
REDUCED DYNAMIC PROBLEM
Let us first consider the undamped system at rest (f 0). Thus (5) reduces to:
The solution of (6) 
The solution of (6) and (8) other reference frames, e.g., the rotating frame (Reuter, 1997) .
Considering the numerical model, a portion of 54 of the disk-shaft assembly is meshed using 108 isoparametric brick finite elements with 20 nodes.
The resulting mesh, presented in Fig. 4 (dark Rotation speed (rpm) FIGURE 6 Influence of disc flexibility.
shaft bending mode strongly coupled with the onenodal-diameter disk mode. Finally, the fourth mode is a disk mode with two nodal diameters. The progression of the disk modes with rotation is only induced by centrifugal effects (stress stiffening and spin softening). As predicted, no coupling occurs between these modes and shaft bending. When rotating, each shaft mode splits into backward and forward branches, due to gyroscopic effects. When the speed increases, there is a clear coupling between the first and second shaft bending modes.
Influence of Disk and Shaft Flexibility
The influence of disk flexibility on the overall behavior is illustrated by comparison of the results presented in Fig. 5 , with the results obtained using a rotordynamic approach (rigid disk). The comparison, which naturally involves only shaft modes, is presented in Fig. 6 . When examining Fig. 6 , it appears clearly that the influence of disk flexibility is considerable here. At rest, the first frequency given by the rotordynamic approach is overestimated by a factor of 31% and the second one is overestimated by a factor of 87%. This last result illustrates the coupled nature of the second shaft bending mode with the one-nodal-diameter disk mode. Considering the evolution of frequencies with rotation, the forward branches (lower branches in the rotating frame) are much more influenced by disk flexibility effects than the backward branches. The influence of shaft flexibility is illustrated in Fig. 7 , where the flexible disc-shaft assembly results (solid lines) are compared with results associated with a rigid shaft model (dotted lines).
The rigid shaft results were obtained by considering the disk isolated and clamped at its inner diameter. Figure 7 confirms that the zero-and two-nodaldiameter disk modes, identified previously, are not influenced by shaft bending. On the contrary, the highly coupled nature of shaft bending and one-nodal-diameter disk bending is here also highlighted. For the flexible assembly, the one-nodaldiameter mode has been identified as a component of the first and third modes: at rest fl =2 14.2 Hz and f3=39.4Hz. The pure one-nodal-diameter disk mode is just between these two frequencies: f--21.6Hz. When the speed increases, it can be noticed that the backward branch of the first mode and the forward branch of the third mode of the flexible assembly, evolve toward a pure one-nodaldiameter disk mode.
Influence of Mistuning
The influence of mistuning has been tested by adding two diametrically opposed point masses of m=0.047kg each, on the disk, at a radius R 280 mm. Due to these two masses the assembly is no longer axisymmetric and, consequently, the choice of the basic cyclic sector is no longer free but should take up half of the structure. The resulting mesh, based on the same element size as previously, comprises 360 finite elements and 2200 nodes. In this case, the computational effort needed is obviously much more considerable.
Frequency splitting can be noticed due to mistuning. As the mistuning introduced in the system is relatively low, Table I shows that the splitting induced is not very pronounced. For comparison, the test results are also presented in Table I (with the exception of mode 3 which was not investigated in the tests). The experimental frequencies for the first shaft bending mode (n= 1) are almost 6% higher than the numerical results. The main reason for this discrepancy is the slightly longer overhung shaft considered in the numerical calculations (180 mm instead of 175 mm). For the elastic disc mode frequencies with n 0 and n 2, the difference between the test and numerical results is much less, being around 1%. The splitting tendency due to mistuning is very well predicted for the n and n 2 diameter mode as can be seen in Table I . The Campbell diagram for the mistuned assembly is presented in Fig. 8 As expected, the umbrella mode and the two-nodaldiameter mode of the disc which are not coupled with the shaft flexibility are only influenced by the centrifugal stiffening effect.
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